In this article, we investigate the Sturm-Liouville boundary value problems of fractional differential equations with p-Laplacian
Introduction
During the past decades, much attention has been focused on the study of equations with p-Laplacian differential operator. The motivation for those works stems from the applications in the modeling of different physical and natural phenomena: non-Newtonian mechanics [] , system of Monge-Kantorovich partial differential equations [] , population biology [] , nonlinear flow laws [] , combustion theory [] . There exist a very large number of papers devoted to the existence of solutions for the equation with p-Laplacian operator.
The ordinary differential equation with p-Laplacian operator φ p u (t) + f t, u(t) = ,  < t < , subject to various boundary conditions, has been studied by many authors, see [, ] and the references therein. However, few papers can be found in the literature on the existence of multiple positive solutions for the third-order Sturm-Liouville boundary value problem with p-Laplacian.
In [], Zhai and Guo studied the third-order Sturm-Liouville boundary value problem with p-Laplacian
where Although the boundary value problems of fractional differential equation with pLaplacian have been studied in many literature, only few papers can be found in the literature on the existence of multiple positive solutions for the Sturm-Liouville boundary value problems of fractional differential equations with p-Laplacian. As the extension and supplement of some results in [, ] , in this article, we investigate the Sturm-Liouville boundary value problems of fractional differential equations with p-Laplacian subject Robin boundary value conditions The rest of this paper is organized as follows. In Section , we shall introduce some definitions and lemmas to prove our main results. In Section , we state our main results. We prove our main results by Leggett-Williams fixed-point theorems and fixed-point index theory in Section . As an application, an example is presented to illustrate our main result in Section .
Preliminaries and lemmas
For the convenience of the reader, we give some background materials from fractional calculus theory to facilitate analysis of problem (.). These materials can be found in the recent literature, see [, , , -].
Definition . ([])
The Riemann-Liouville fractional integral of order α >  of a function y : (, +∞) → R is given by
provided the right side is pointwise defined on (, +∞).
Definition . ([])
The Caputo fractional derivative of order α >  of a continuous function y : (, +∞) → R is given by
where n is the smallest integer greater than or equal to α, provided that the right side is pointwise defined on (, +∞).
Remark . ([]
) By Definition ., under natural conditions on the function f (t), as α → n the Caputo derivative becomes a conventional nth derivative of the function f (t).
Remark . ([]) As a basic example, we have
 + is the Caputo fractional derivative, and n is the smallest integer greater than or equal to α.
From the definition of the Caputo derivative and Remark ., we can obtain the following statement.
Lemma . ([]) Let α > . Then the fractional differential equation
as the unique solution, where n is the smallest integer greater than or equal to α.
. Then the following equality holds:
for some c i ∈ R, i = , , , . . . , n -, where n is the smallest integer greater than or equal to α.
Then the boundary value problem of the fractional differential equation
has a unique solution,
where
Proof By the Lemma ., we can reduce the equation of problem (.) to an equivalent integral equation
for some constants c  , c  ∈ R. Moreover, we have
From the boundary conditions
So,
Hence, the unique solution of (.) is
which completes the proof.
where G(t, s) is defined as (.).
Proof From Lemma . and the boundary value problem (.), we have
that is
Thus, the boundary value problem (.) is equivalent to the following problem:
Lemma . implies that boundary value problem (.) has a unique solution,
s) also has the following properties:
The method of proof is similar to Lemma . in [], and we omit it here.
Definition . ([]
) Let E be a real Banach space and P be a nonempty, convex closed set in E. We say that P is a cone if it satisfies the following properties:
(i) λu ∈ P for u ∈ P, λ ≥ ;
(ii) u, -u ∈ P implies u = θ , where θ denotes the null element of E.
If P ⊂ E is a cone, we denote the order induced by P on E by ≤. For u, v ∈ P, we write
Definition . ([])
The map ϕ is said to be a nonnegative continuous concave functional on P of a real Banach space E provided that ϕ : P → [, ∞) is continuous and
for all x, y ∈ P and  ≤ t ≤ .
Definition . ([
) Let  < a < b be given and let ϕ be a nonnegative continuous concave functional on the cone P. Define the convex sets P r ,P r and P(ϕ, a, b) by P r = {y ∈ P| y < r}, P r = {y ∈ P| y ≤ r}, P(ϕ, a, b) = {y ∈ P|a ≤ ϕ(y), y ≤ b}. 
(C  ) (Existence) If i(T, p , P) = , then T has a fixed point in
p . (C  ) (Normalization) If u ∈ p , then i(û, p , P) = , whereû(x) = u for x ∈¯ p . (C  ) (Homotopy) Let ν : [, ] ×¯ p → P be a compact map such that x = ν(t, x) for x ∈ ∂ p and t ∈ [, ]. Then i(ν(, ·), p , P) = i(ν(, ·), p , P). (C  ) (Additivity) If U  , U  are disjoint relatively open subsets of p such that x = Tx for x ∈¯ p \ (U  ∪ U  ), then i(T, p , P) = i(T, U  , P) + i(T, U  , P), where i(T, U j , P) = i(T|Ū j , U j , P) (j = , ).
Lemma . ([]) Let P be a cone in a Banach space E. For q > , define q = {x ∈ p| x < q}. Assume that T :¯ q → P is a compact map such that x = Tx for x ∈ ∂ q . Thus, one has the following conclusions:
(D  ) if x ≤ Tx for x ∈ ∂ q , then i(T, q , P) = ; (D  ) if x ≥ Tx for x ∈ ∂ q , then i(T, q , P) = .
Main theorems
In this section, let E = C[, ] be the Banach space of continuous functions endowed with u = max ≤t≤ |u(t)|, and the ordering x ≤ y if x(t) ≤ y(t) for all t ∈ [, ]. Define the cone P ⊂ E by
where λ is given as in Lemma .. For convenience of the reader, we denote
Lemma . Let T : P → E be the operator defined by
Then T : P → P is completely continuous. http://www.boundaryvalueproblems.com/content/2014/1/26
Proof By Lemma ., we have
Thus, T(P) ⊂ P. In view of non-negativity and continuity of G(t, s),
and f (t, u(t)),
we find that T : P → P is continuous.
Let ⊂ P be bounded, i.e., there exists a positive constant
Hence, T( ) is uniformly bounded. Further for any u ∈ and t ∈ [, ], we have
. http://www.boundaryvalueproblems.com/content/2014/1/26
. For any  ≤ t  ≤ t  ≤  and u ∈ , we have
That is to say, T( ) is equicontinuous. By the Arzela-Ascoli theorem, we see that T : P → P is completely continuous. The proof is completed.
We are now ready to prove our main results.
Theorem . Let f (t, u) be nonnegative continuous on [, ] × [, +∞). Assume that there exist constants a, b with b
Then the boundary value problem (.) has at least two positive solutions u  and u  satisfying u  < a, min   ≤t≤   u  (t) < b and u  > a, where λ is given as in Lemma ..
Proof Let θ : P → [, +∞) be the nonnegative continuous concave functional defined by
Evidently, for each u ∈ P, we have θ (u) ≤ u .
It's easy to see that T :P b λ  → P is completely continuous and
Consequently,
That is,
Therefore, condition (B  ) of Lemma . is satisfied. Now if u ∈P a , then u ≤ a. By assumption (H  ), we have
which shows that T :P a → P a , that is, Tu < a for u ∈P a . This shows that condition (B  ) of Lemma . is satisfied. Finally, we show that (B  ) of Lemma . also holds. Assume that
then by the definition of cone P, we have 
Then the boundary value problem (.) has at least three positive solutions u  , u  and u  with u  < a, 
Moreover, for u ∈ P(θ, b, c) and Tu > b λ  , we have
So all the conditions of Lemma . are satisfied. Thus using Lemma ., T has at least three fixed points. So, the boundary value problem (.) has at least three positive solutions u  , u  and u  with u  < a, min 
The proof is completed.
Theorem . Let f (t, u) be nonnegative continuous on [, ] × [, +∞). If the following assumptions are satisfied:
then the boundary value problem (.) has at least two positive solutions u  and u  such that  < u  < μ  < u  .
Proof From Lemma ., we obtain T : P → P is completely continuous. In view of f  = +∞, there exists σ  ∈ (, μ  ) such that
On the other hand, since f ∞ = +∞, there exists σ  > μ  such that
By using the method to get (.), we obtain
which implies Tu > u for u ∈ ∂ σ  . Thus, from Lemma ., we have
Finally, let μ  = {u ∈ P| u < μ  }. Then, for any u ∈ ∂ μ  , by (H  ), we then get Based on this paper, one can consider boundary value problems of fractional differential equations with parameters, and also one can do further research on eigenvalue problems of fractional differential equations with p-Laplacian.
